Recent interest in human-scale Mars missions has motivated research into the effects of dust particles that are suspended in the Martian atmosphere on reentry vehicles. For instance, these dust particles can enhance erosion of thermal protection systems and amplify surface heat fluxes. As such, in this work, we perform numerical simulations of hypersonic dusty flows over a blunt body using a two-way-coupled Lagrangian particle method in a discontinuous Galerkin framework. Due to the lack of a well-established physical model of the disperse phase appropriate for this multiphase flow regime, we aim to evaluate the sensitivities of numerically predicted dust-induced heat flux augmentation to various components and parameters of the model. Specifically, we investigate the drag coefficient correlation, the Nusselt number correlation, different terms in the particle momentum and energy equations, and particle size.
I. Introduction
Research into high-fidelity simulations of Mars atmospheric entry has grown significantly in recent years. These complex aerothermodynamic environments are characterized by such physical phenomena as strong shocks, turbulence, dissociation, radiative heat transfer, and surface ablation. A key feature of the Mars atmosphere is the high levels of suspended dust particles, which can significantly influence the flow environment. During dust storms, suspended particles, on the order of micrometers in size, can reach altitudes up to 60 km [1] .
Dust particles can have various adverse effects on reentry vehicles. For instance, particles colliding with the vehicle surface can enhance erosion of thermal protection systems [2] . They can also amplify surface heat fluxes via different physical mechanisms [3] . First, particles are heated by the high-temperature gas in the shock layer and, upon reaching the boundary layer, deposit the acquired thermal energy to the gas. Note that very large particles, whose temperatures increase only slightly, can actually subtract thermal energy from the gas and create a cooling effect. Due to slowdown in the shock layer, particles also transfer momentum and kinetic energy to the gas. This increases the gas temperature and causes an over-accumulation of energy that is dissipated into heat in the boundary layer. Dust particles can further enhance surface heating through wall collisions. The kinetic energy lost due to the inelasticity of the collisions is absorbed by the surface via heat transfer. Additional interactions among the particles, the flow, and the vehicle are discussed in Reference [4] . In this study, dust-induced heat flux augmentation is a target quantity. We focus on smaller particles, which collide at low speeds or completely miss the surface of the body. In this case, two-way-coupling, in which the back-coupling of particles to the carrier fluid is considered but particle-particle interactions are ignored, is likely sufficient to capture the relevant physics. Consideration of larger particles would necessitate four-way-coupling (specifically particle-particle collisions) since such particles are reflected at very low speeds, accumulate near the surface, and shield the surface from subsequent incoming particles [5] .
Previously, we developed a Lagrangian particle method for discontinuous Galerkin (DG) schemes. DG methods represent a promising alternative to commonly used second-order finite volume schemes on the basis of arbitrarily high order of accuracy, geometric flexibility, and a high degree of scalability. The particle method includes two-waycoupling capabilities and is compatible with curved, high-aspect-ratio elements, specifically in the context of particle search/localization and particle-wall collisions. We applied the Euler-Lagrange solver to simulate hypersonic dusty flow over a sphere, which was experimentally investigated by Vasilevskii et al. [6, 7] . We demonstrated good agreement in the stagnation-point heat flux augmentation for a number of flow conditions. However, due to the overall lack of high-quality experimental data, there remains ambiguity in how to reliably model high-speed dusty flows over blunt bodies. As such, the primary objective of this work is to quantify the sensitivities of the solution to different components and parameters of the particle model. Specifically, we investigate correlations of the drag coefficient and Nusselt number, various terms/modifications in the particle momentum and energy equations, and particle sizes.
The remainder of the paper is organized as follows: Section 2 outlines the governing equations and DG discretization, followed by a summary of the Lagrangian particle method. The subsequent section discusses the numerical setup and the results of the sensitivity study. The paper concludes with a summary of the major findings.
II. Mathematical formulation
This section describes the governing equations for the carrier phase and disperse phase, as well as the discontinuous Galerkin discretization. We also provide a summary of the particle solver, which is described in full detail in Ref. [8] .
A. Governing equations of the carrier phase
The behavior of the carrier phase is described by the compressible Navier-Stokes equations, written in vector form as
where
is the viscous flux vector, and S(U, ∇U) : T , where ρ is the density, u is the velocity vector, and E is the total energy per unit mass. To compute the dynamic viscosity µ, we employ Sutherland's law. By the ideal gas law, the pressure, P, is related to internal energy as
The specific heat capacity at constant pressure is computed as c p = Rγ/(γ − 1), where R is the specific gas constant and γ, the specific heat ratio, is set to a value of 1.4 in this study. Note that Eqs. (1) assume the volume fraction of the disperse phase to be small.
B. Discontinuous Galerkin discretization
We consider the problem to be posed on the computational domain Ω with boundary ∂Ω, with solution U. Ω is partitioned into N e non-overlapping discrete elements such that Ω = ∪ N e
e=1 Ω e . The boundary of element Ω e is denoted by ∂Ω e . The local solution, U e , is approximated as
where U e (t) ∈ R N U ×N b are the basis coefficients, φ n is the nth basis function, and N b is the number of basis functions. In this work, we use a Lagrange polynomial basis. The global solution approximation can then be written as
To solve for the basis coefficients on Ω e , we require U e (t) to satisfy
In this study, we employ Roe's approximate Riemann solver [9] and the BR2 scheme [10] to define the convective flux and viscous flux contributions, respectively. To evaluate integrals, we use standard Gaussian quadrature with an order of accuracy no less than 2p + 1, where p is the user-prescribed order of the Lagrange polynomials. To capture shocks, intraelement pressure variations are used for shock detection while smooth artificial viscosity is used for stabilization [11] .
C. Physical model of the disperse phase
Lagrangian particle tracking is used to compute the behavior of the disperse phase in the flow field. To simplify the calculations, individual particles are treated as smooth, solid, non-rotating, inert spheres with fixed diameters that exchange only momentum and energy with the carrier phase. It is assumed that particles do not interact with each other and that the particle temperature is uniform over the entire particle. In addition, the disperse phase is considered to be dilute, such that the particle volume fraction is neglected. The particle state is computed using the following set of ordinary differential equations:
where, representing the carrier and disperse phases using the subscripts "c" and "d", respectively, x d is the particle position, u d is the particle velocity,
is the particle mass (with ρ d the particle density and D the particle diameter), c d is the specific heat of the particle, and T d is the particle temperature. The overall drag force and heating rate, denoted by F and Q, respectively, include multiple contributions, which will be described later in this section. Additional contributions to drag and heating not included in this study are discussed in References [12] and [13] .
Drag coefficient and Nusselt number correlations
In compressible gas-solid flows, the quasi-steady drag and heating are typically the most significant and are defined as
where C D and Nu are the drag coefficient and Nusselt number, respectively. Correlations for C D and Nu are dependent on the relative particle Reynolds number and the relative particle Mach number, defined as
In this work, we employ three different drag coefficient correlations, specifically those by Henderson [14] , Loth [15] , and Boiko et al. [16] . The specific forms of these correlations can be found in the corresponding references.
To compute the Nusselt number, we consider the correlations by Fox et al. [17] and Carlson and Hoglund [18] , defined as
respectively, where Pr is the Prandtl number, which is set to 0.71 in this study.
Momentum and energy contributions
In compressible gas-solid flows, the quasi-steady drag and heating rate are typically the greatest contributions to particle momentum and energy transfer, respectively [2, 13, 19, 20] . To examine the importance of other contributions in the context of high-speed dusty flows over blunt bodies, we also consider the thermophoretic force, pressure-induced drag, and the undisturbed-unsteady contribution to energy transfer. The first term, F thermo , is a force in the opposite direction of the temperature gradient, induced by higher molecular velocities on the "hot" side than on the "cold" side of a particle [13, 15] . This force can become important at the shock and in the thermal boundary layer. To compute this, we employ the model proposed by Loth [15] . The second term, given as
accounts for particle acceleration caused by the local pressure gradient. In Eq. (10), V d = π 6 D 3 is the particle volume. This term has been included in studies of shock wave propagation in gas-solid flows [16, 21] . The undisturbed-unsteady energy contribution is computed as [12, 13] 
Dt is the total derivative. This represents the energy change of the undisturbed ambient thermal field. In addition, we consider a modified form of the quasi-steady heating rate in Eq. (7b), given as
where T r is the recovery temperature. This accounts for the local rise in fluid temperature due to dissipative effects near the particle surface. Similar modifications have been employed in a number of high-speed particle-laden flow simulations [20, [22] [23] [24] . For simplicity, we set
, the local stagnation temperature based on the relative particle Mach number.
D. Particle solver
This section briefly summarizes the algorithmic details of the particle solver. Reference [8] provides a more complete description.
In calculating F and Q in Eqs. (7), the state of the carrier phase is evaluated at the particle position x d with the same basis functions used to construct the local solution approximation, i.e.
This exploits the subcell nature of the DG solution and ensures consistency with the order of accuracy of the Eulerian spatial discretization. We treat each computational particle as a cloud of physical particles to increase computational feasibility. The time step of the disperse phase is computed such that it is not greater than the carrier phase time step, particles do not cross more than one element, and stability constraints of the time stepping scheme are satisfied. The effect of particles is weighed to the Eulerian mesh in a simple but effective two-way-coupling methodology that yields subcell-varying source-term contributions. An important feature of the particle solver is the ability to handle arbitrary multidimensional, curved, high-aspect-ratio elements, which are often necessary in DG simulations of complex flows. To track a given particle as it traverses the Eulerian mesh, we employ a simplified variant of the search-locate algorithm by Allievi and Bermejo [25] . This algorithm takes advantage of the geometric mapping in order to identify the host element and map the physical position of the particle to the reference position. A major challenge is associated with the treatment of particle-wall collisions on curved, high-aspect-ratio elements. We have developed an algorithm that checks for particle-wall crossings and employs a Newton search that makes use of geometric mappings to calculate the intersection point between the particle trajectory and the boundary face. The use of curved elements gives rise to the possibility of aberrant scenarios not observed in particle-wall collisions on straight-sided meshes. Reference [8] discusses these scenarios in detail, as well as strategies for dealing with them.
III. Numerical Results

A. Setup
We consider the experiments conducted by Vasilevskii et al. [6, 7] in the U1-1M shock tunnel at the Central Aerohydrodynamics Institute (CAHI). The experiments comprise Mach 6.1 flow over a sphere with dust particles of different materials, sizes, and concentrations. Measurements of the ratio between the dusty-gas heat flux and the pure-gas heat flux at the stagnation point are provided. As such, the dust-induced surface heat flux augmentation near the stagnation point is a target quantity in this work. We aim to evaluate its sensitivity to the physical model of the disperse phase. Table 1 outlines the flow conditions (note that in Ref. [8] , we investigate additional conditions). We consider only the forebody of the sphere and discretize the domain using a 60,000-element hexahedral mesh with curved elements of quadratic order. The elements near the sphere surface are made extremely thin in order to accurately capture the sharp temperature and density gradients. Freestream conditions are specified at the inflow boundary, interior quantities are extrapolated to the outflow boundary, and the sphere wall is an isothermal no-slip wall. We use polynomials with p = 2 to compute the DG solutions. Implicit third-order backward differencing and the third-order Adams-Bashforth method are employed to integrate the carrier and disperse phases, respectively, in time. We run all simulations until quasi-steady-state conditions are reached. Particles are continuously injected at the inflow boundary with mass loading ratio β (see Table 1 ), assuming equilibrium with the freestream. The particle sizes follow the polydisperse size distributions in the experiments. We account for the variation of the particle specific heat, c d , with temperature [26, 27] , and we use the correlations of Stasenko [28] to compute the coefficients of restitution between the particles and the sphere. Table 1 Flow conditions for simulation of hypersonic flow past a sphere. Ma ∞ is the freestream Mach number, P t,∞ and T t,∞ are the freestream total pressure and temperature, respectively, and R s is the radius of the aluminum sphere. ρ d is the dust material density, β is the mass concentration, and (·) denotes the averaging procedure described by Vasilevskii et al. [6] . 
B. Baseline model
The sensitivity study is conducted with respect to the baseline physical model of the disperse phase discussed here. In this baseline model, we employ the Henderson drag coefficient [14] , the Nusselt number by Fox et al. [17] (see Eq. (9a)), and the thermophoretic force [15] . This gives F = F qs + F thermo and Q = Q qs . This represents the simplest model that gives accurate predictions of the dust-induced heat flux augmentation in the experiments by Vasilevskii et al. [6, 7] . This choice of physical model will be further motivated by results outlined later in this section. Note, however, that there is no guarantee that this model is reliable for all high-speed dusty flow conditions. Detailed comparisons with additional experimental data would be required to develop such a model. Figure 1 shows comparisons of pure-gas and dusty-gas heat flux computed with the baseline model. The presence of dust particles significantly amplifies the surface heat flux, particularly near the stagnation point. The black lines represent the stagnation-point heat flux obtained by scaling the experimental stagnation-point heat flux ratio [6, 7] by data from the pure-gas DG solutions. Good agreement is observed.
C. Sensitivity to drag coefficient
First, we investigate the sensitivity of the dusty-gas heat flux to the drag coefficient. Figure 2 displays the variation of the three drag coefficient correlations considered with particle Reynolds number at various particle Mach numbers. The Loth and Henderson drag coefficients are relatively similar over all particle Reynolds numbers. At lower particle Reynolds numbers, the Boiko drag coefficient is significantly greater than the first two correlations. Figure 3 shows the dusty-gas surface heat fluxes obtained with the different drag coefficient correlations. There is clearly a significant dependence on the drag coefficient since it is this parameter that largely governs the particle trajectory. The Boiko correlation yields almost no heat flux augmentation because of the considerably higher values of the drag coefficient, especially at the lower particle Reynolds numbers ( Figure 2) . As a result, particles decelerate much more quickly upon crossing the shock and are less likely to reach the boundary layer. In contrast, the Loth correlation, which yields generally lower drag coefficients than the Henderson correlation, yields much greater heat flux augmentation than predicted by the baseline model. Since particles do not decelerate as quickly after crossing the shock, they have more kinetic energy to deposit to the ambient fluid as they approach the surface of the sphere. Furthermore, Table 1 . The dashed black line represents the stagnation-point heat flux obtained by scaling the experimental stagnation-point heat flux ratio [6, 7] by data from the pure-gas DG solutions. θ is the polar angle with respect to an axis pointing from the center of the sphere to the stagnation point. particles collide with the sphere with higher incident velocities, increasing the amount of energy subsequently absorbed by the sphere. Figure 4 displays the variation of the two Nusselt number correlations considered with particle Reynolds number at various particle Mach numbers. At lower particle Mach numbers, the Carlson and Hoglund correlation generally gives higher Nusselt numbers. At higher Mach numbers and lower Reynolds numbers, the Fox correlation yields greater Nusselt numbers. The two correlations converge at high Reynolds numbers (over all Mach numbers).
D. Sensitivity to Nusselt number
The heat flux profiles obtained with Nusselt number correlations are illustrated in Figure 5 . The influence of the Nusselt number is much smaller than that of the drag coefficient. The Carlson and Hoglund correlation results in slightly less heat flux augmentation compared to the baseline model. 
E. Sensitivity to momentum and energy contributions
In this section, we evaluate the sensitivity of the solution to various terms (other than drag coefficient and Nusselt number) in the particle momentum and energy equations (Eqs. (6b) and (6c)). Specifically, we investigate the effect of taking into account the pressure-induced drag (Eq. (10)), the undisturbed-unsteady contribution to energy transfer (Eq. (11)), and the correction to the quasi-steady heating rate described in Eq. (12) . We also investigate the effect of ignoring the thermophoretic force. The corresponding surface heat fluxes are shown in Figure 6 . The inclusion of pressure-induced drag effects and the undisturbed-unsteady energy contribution makes almost no difference in the dusty-gas heat flux. The thermophoretic force has a small but noticeable influence on the results. The recovery temperature correction modestly amplifies the heat flux due to increased interphase energy transfer.
Given the mild but appreciable sensitivity of the heat flux prediction to the thermophoretic force, we include this term in the baseline physical model of the disperse phase. Although including pressure-induced drag effects and the undisturbed-unsteady energy contribution would in principle give a more "complete" model, we choose to neglect these in favor of simplicity and in light of their marginal influence on the solution. Furthermore, we exclude the recovery temperature correction due to the ambiguity of its validity. 
F. Sensitivity to particle size
We examine the influence of particle size on the heat flux prediction. Although particle size is not technically part of the physical model, uncertainty over particle sizes can nevertheless arise both in experiments and in the context of Mars atmospheric entry. To this end, we perform additional simulations with small variations in the particle size distribution reported in the experiments. Specifically, we scale the particle diameter by 80% and 120%. Figure 7 shows the corresponding heat flux profiles. As expected, larger particles yield greater heat fluxes, and vice-versa. It is interesting to note that these mild variations in particle diameter result in relatively large differences in the the dusty-gas heat flux profiles.
IV. Concluding remarks
In this work, we simulate the experiments performed by Vasilevskii et al. [6, 7] of Mach 6.1 dusty flow over a sphere. We employ a two-way-coupled Lagrangian point-particle method to compute the disperse phase and a discontinuous Galerkin method to solve the carrier phase. Our primary objective is to investigate the sensitivities of the dusty-gas heat flux predictions to the physical model of the disperse phase. We discuss a baseline model that balances simplicity with accuracy consisting of the Henderson drag coefficient correlation [14] , the Fox correlation for the Nusselt number [17] , and the thermophoretic force [15] . We find that the drag coefficient correlation significantly influences the dusty-gas heat flux, whereas the effect of the Nusselt number correlation is considerably smaller. The pressure-induced drag and the undisturbed-unsteady energy contribution terms have essentially no influence on the solution for the flow conditions considered. The thermophoretic force has a small but noticeable effect; hence, its inclusion in the baseline model. We also investigate the effect of replacing the carrier phase temperature (as classically done) with the recovery temperature in the quasi-steady heating rate term, as performed in a number of high-speed particle-laden flow simulations. Although the heat flux prediction is somewhat sensitive to this modification, we exclude it from the baseline model due to uncertainty of its validity. Finally, we examine the sensitivity to small variations in particle diameter and find it to be quite significant, with large particles yielding greater heat fluxes and vice-versa.
